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1. Dynamics Analysis of

Planar Link Mechanisms

“Dynamics Analysis : Motion and Applying Force Analysis
taking into account of inertial force” y,




a. Forces and moments applying on a mechanism
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rorees anu momments dpplyug on pairs
in a crank-input slider-output planar 6-bar link mechanism

1
A driving torque is transferred via joint force and moments
and drives all of moving links.



a. Forces and moments applying on a mechanism
14

We can achieve the following two kinds of analyses:

(1) Forward dynamics analysis:
By specifying driving force/torque, motion of
mechanism should then be calculated.

(2) Inverse dynamics analysis:
By specifying the desired motion of mechanism,
the driving force/torque and joint forces and
moments should then be calculated.

Question:
Which is easy to calculate?
— Forward dynamics or Inverse dynamics? —

allu Urived 4ail U1 11oving 111Ky,



a. Forces and moments applying on a mechanism
14
Answer:
Inverse dynamics calculation is very easy and will be
achieved only by solving a system of linear equations.

Forward dynamics calculation is very complicated
and requires to derive a system of differential equations
and to solve it numerically.

moment N y
O

So, firstly let’s try inverse dynamics
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' calculation !

and drives all oI moving




a. Forces and moments applying on Mechanism
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Forces and moments applied on pairs
in a crank-input slider—outpuﬂ)lanar 6-bar link mechanism

Let’s derive an equation of motion for each moving lin
by taking account of joint forces and moments.



b. Equations of motion of planar link mechanism
“Equation of translational motion of COG
Equation of angular motion about COG
for each moving link”

J
(1)Crank link

Gravitational
force

Translational: 7 oG F + m,g
Angular: IO¢G,O . +(J,—G)x F, +(J,—G,)x F,

Moment due to
Driving torque joint force




Reaction force

(2)Coupler link 1

Translational: mlél =—F+F +F +mg

Angular: ]1¢.G,1 =—(J,—-G)xF +(J,-G,)xF,
T (J 4 Gl) X Et

X X

. G,]
where Ji:< Py Gj:<Y ’ E€:< ’
le.J \ G’jJ k)fk’Y




mzdz =—F,+ F, +m,g
]2¢.G,2 =—(, _Gz)Xﬁvz +(J3 _Gz)xﬁ;

m3é’3 =—F,+F, +mg
0T777'>X I3¢.G,3:_(J4_G3)XEL+(J5_G3)XE

(4)Coupler link 3
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6 Eﬂ%g 1 4¢.G,4 =—(J; —G,)x F;

F. siny —F, cosy
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Joint force from
guide rail External force appled
on output slider

You can derive equations
3 times more than moving links.



c. Inverse dynamics analysis

with

systematic kinematics analysis method

! I 0 0 0 0 0 0 0 0 0 0 0](F,
0 ! 0 1 0 0 0 0 0 0 0 0 0 0 0f[F,
YG,O_YO XO_XG,[] YG,O_YI XI_XGA,O 0 0 O 0 0 0 0 O 0 0 1 FI,X
0 0 -1 0 1 0 0 0 I 0 0 0 0 0 0f|F,
0 0 0 -1 0 1 0 0 0 1 0 0 0 0 0f|F,
0 0 YI_YG,I XG,I_XI YG,I_Y2 X, =Yg, 0 0 YG,I_Y4 X4_XG,1 0 0 0 00 Fz,y
0 0 0 0 -1 0 1 0 0 0 0 0 0 0 0f(Fy
0 0 0 0 0 -1 0 1 0 0 0 0 0 0 0iF,
0 0 0 0 %Y, Xe,-X, Y,-Y X,-X,, O 0 0 0 0 0 0f|F,,
0 0 0 0 0 0 0 0 -1 0 | 0 0 0 0f|F,
0 0 0 0 0 0 0 0 0 -1 0 l 0 0 0f|Fsy
0 0 0 0 0 0 0 0 V,-Y, Xo-X, V,,-Y, X,-X, 0 0 0f|F,
0 0 0 0 0 0 0 0 0 0 -1 0 siny 0 0}|F,
0 0 0 0 0 0 0 0 0 0 0 -1 —cosy 0 0f %
0 0 0 0 0 0 0 0 0 0 Yo=Y, Xg,—X, (Xg,—X)eosy+(Y,,-Y)siny 1 O} 7
e \ They can be calculated with the
I, systematic kinematics analysis.
mIXG,l e 0 .
iy, +2) Position of COG, posture of link
11&6‘1 >
i can also be calculated with programs:
= mZ(YG,2+g) I I
ha coupler_point, link_angle
szG,s
m}(YG,3+g)
13&(}3
m, X, +F, cosy
m4(YG,4+g)+FESin‘//
Lot FLOX = X Dsinw 4 (Vo = V) OS]




c. Inverse dynamics analysis

m X, +F, cosy
my(Yy, +g)+F,siny
14¢G,4 +F[(Xg =X, )siny + (¥, , — Y;)cosy]

with systématic kinematics analysis method
! 0 1 0 0 0 0 0 0 0 0 0 0 0 OF[F,,
0 1 0 1 0 0 0 0 0 0 0 0 0 0 OflF,
Loty X=X Y,,-Y X -X, 0 0 0 0 0 0 0 0 0 0 18IF,
0 0 | : 0 0 of|F,
SN Unknown variable vector of Joint o
SR force and moment and driving : .
0 0 OF 5y
RN forque can easily be solved with &
0 0 0 0 Fiy
NN Gauss-Jordan method o
0 0 0 0 O Fy
0 0 0 0 Of| Fer
0 0 0 0
0 0 0 sy +(Y,, —Y)siny 1
mor(n;::Gfg)
I
e A system of linear equa.tl.ons on joint force
e, and moment and driving torque:
e [A]F=b
my(Ys:+8)
L



d. Example of analysis
Example of program:

Pidp6barpo.cpp----Main program

J/— Mailfl‘ l(zoph —————— ) b ) Kinematics
or( 1th=0; 1th<=360; ith++ .

th = (double)ith: calculation

theta.the = th*DR;

ichk = MP6BARPOWL, gsi, eta, PG, psi, theta, J, &s):

if( ichk != SUCCESS ) {
printf( "¥n ++ Error in MP6BARPO! ier= %d ¥n", ichk );

link posture \ exit (0);

RVP6BARPO( gsig, etag, J, CG, phig );

Motion of
COG and

ichk = IDP6BARPO( M, 1, J, psi, CG, phig, fe, fjx, fjy, &tauj6, &taui );
if( ichkJ=SUCCESS ) {

printf( "¥n ++ Error in IDP6BARPO ! ier = %d ¥n", ichk );
exit (0);

Inverse

. }
dunamics forintf(fpDAT, "%7.1f %13.5f %13.5f %13.5f %13.5F %13.5f %13.5¢",
MBI " %13.5€%13.5f %13.5f %13.5Ff %13.5Ff %13.5f",

" %%13.5f %13.5f %13.5F %13.5f %13.5f %13.5f¥n",
th, s.v, J[4].Px, J[4].Py,
fjx[0], fjy[0], fix[1], fjy[1], fix[2], fjy[2],
fix[3], fjy[3], fjx[4], fjy[4], §ix[5], fjy[5],




mpobarpo.cpp----kinematics calculation

int MP6BARPO( double L[], double gsi[], double eta[], POINT PG,

{

ANGLE psi, ANGLE theta, POINT J[], VARIABLE *s )

ANGLE dumma;
POINT dummp;
int ichk;

int minv[2];

dumma.the = dumma.dthe = dumma.ddthe = 0.0; Systematic
dummp.P.x = dummp.DP.x = dummp.DDP.x = 0.0; . .
dummp.P.y = dummp.DP.y = dummp.DDP.y = 0. 0; kinematics

Displacement , velocity and acceleration of pajzs subprograms

minv[0] = 1;
minv[1] = 1;

crank input( J[0], L[0], theta, dumma, &J[1

ichk = RRR links( J[3], J[1], L[2], L[1], minv[0], &J[2]);
if( ichk !=SUCCESS ) return ( 991 );

coupler point( J[2], J[1], gsi[0], eta[0], &J[4], &dumma );

ichk = PRR_links( J[4], L[3], PG, psi, gsi[1], eta[1], minv[1
if( ichk !=SUCCESS ) return ( 992 );

return ( SUCCESS );

, s, &J[6], &J[5]);




grvpbbarpo.cpp----position of COG and link posture

void GRVP6BARPO( double gsig[], double etag[], POINT J[], POINT CG[], ANGLE phig[] )
{

//-- Displacement, velocity, acceleration of COG and link posture, angular velocity, angular acceleration--

Kinematics
&CG[0] , &phig[0] ); calculation
&CGJ1], &phig[1]);

coupler point( J[0], J[1], gst 0],
1],
2], &CGI[2], &phig|2]
3],
4],

1], gsig|
coupler point( J[2], J[1], gsig[
coupler point( J[3], J[2], gsig[2], etag[
coupler point( J[5], J[4], gsig[3], etag[
coupler point( J[6], J[5], gsig[4], etag[

0], etag|
sig[1

], etag|

9

can be used

);
);
)

.

&CG[3], &phig[3]
&CG[4] , &phig[4]

9




id6barpo.cpp----Inverse dynamics calculation

int IDP6BARPO( double M[], double I[],
POINT J[], ANGLE psi, POINT CG[], ANGLE phig[], double fe,
double fjx[], double fjy[], double *tauj6, double *taui )
{
double wa[NV][NV], wb[NV], wk[NV];
int  ipw[NV];
int ichk, 1,j;
double cp, sp, double Grav;
Grav =-9.805;

for(j=0;j<NV;j++) {
for(i=0;1<NV;i++) {

wa[i][j] = 0.0;
§
b
/[-==-- Coefficient matrix -----
wal[ 0][ 0] = 1.0; : . .
wa[ O][ 2] = 1.0. Setting coefficient matrix
wa[ 1][ 1] = 1.0;
wa[ 1][ 3]= 1.0;
wa[ 2][ 0] = CG[0].P.y - J[0].P.y;
wa[ 2][ 1]= J[0].Px - CG[0].Px;
wa[ 2][ 2] = CG[0].P.y - J[1].P.y;
wa[ 2][ 3] = J[1].Px - CG[0].Px;
wal 2][14] = 1.0;




id6barpo.cpp----Inverse dynamics calculation

//--;-- Constatnt vector-----
wb[ 0] = M[0]*CG[0].DDPx; Setting constant vector
wb[ 1] = M[0]*( CG[0].DDP.y - Grav );
wb[ 2] =I[0]*phig[0].ddthe;

[/-===- Gauss-Jordan method -----
ichk = GAUSS( wa, wb, ipw, wk ); Solving a system of linear
if(ichk 1= 1) return (ichk ); equations with Gauss-Jordan
[/-===- Joint forces and driving torque HELTeh
fjx[0] = wb[ 0];
fjy[0] = wb[ 1];
fjx[1] = wb[ 2];

*tauj6 = wb[13];

*taui = wb[14];

return ( SUCCESS );
h




Example of analysis:

Kinematic and mass-inertia parameters of the 6-bar mechanism

J T Jo\myke| Epom | g m| 1 kgm?
O 0| 1| 4.72 0. 15 0.00 | 0.0354
L 2] 1] 15.72 | 0.40 0.00 | 0.8000
2| 3| 2| 7.806 0. 25 0.00 | 0.1638
3| o | 4 | 12.98 | 0.40 0.00 | 0.6709
4 1 6 | 5| 2.00 0. 00 0.00 | 0.0200

*

Pair number to specify a moving coordinate system
to represent position of COG
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Results of analysis of inverse kinematics

Joint forces and moments can easily calculated!
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2. Dynamics Analysis of
Spatial Link Mechanisms

a. Forces and moments applying on a mechanism

Driving forces and torques
F; Zin
l Jin { . FGii
J ) G
XG.i< 5 Link i
M .
[R] . & m, |I]

" & VG, We have to consider three-dimensional
7 J; forces and three-dimensional moments!
" '®
/>
J

J N,

X Y Joint forces and moments

Forces and moments applying on spatial link mechanisms



b. Equations of motion of spatial link mechanism

“Equation of motion of spatially moving link”

. Three-dimensional translational
m,G; = ZEc T ZEn +m;g motion of COG

(7.1 ([1,]@, +@, x[I,]@,) = sz+Z(J -GH)xF +> 7, +> (J,-G)xF

Three-dimensional angular
motion about COG

Coordinate transformatlon from

moving coordinate system
where angular velocity and acceleration are described on moving coordinate system as

(G, cos B,cosy, +f,siny, Note that they are given as the

®, ={—d,cos B,siny,+f3,cosy, function of derivatives of roll-, pitch-
&, sinff, +y, and yaw-angles of moving link

\

a;cosf,cosy,+f,;siny, —a, fB sinff,cosy, + [y, cosy, —y,a;cos 3 siny,
—a,cosff;siny + f cosy,+a,f,sinf siny, — [y siny, —y,a, cosf3 cosy, ?

a;sinff.+y. +a,[;cospf,




c. Inverse dynamics analysis

with systématic kinematics analysis method

A system of 78 linear equations for Stewart platform
manipulator with 6 DOF

FA,O,X
FA,O,Y
FA,O,Z




Joint forces applying on spherical pairs and driving
forces of linearactuator can be calculated as

‘[?4JL}(
'[i4ihY
jp;LOyZ

78x1

— [A78><78 ]_1 [b78><1]




Calculation result and
experimental validation

Position and

J T )
workpiece can
be controlled to
Press it to drill

L AR
Photograph while drilling

r Bed of a conventional
machine tool :
Examples of workpiece

Actlv.e worktable of spatlal. parallel Photograph of machining
manipulator for NC machine tool and workpiece



External force and
moments to be input in
inverse dynamics analysis

6 parallel arms
with an actuator

Bed of a conventional
machine tool

-0. 02 ——
0 10 20 30 40 50
TIME sec
Machining forces and actuator torques



Inverse dynamics
analysis can easily be
achieved by using the

systematic kinematics
analysis method!




4. Forward Dynamics Analysis of
Planar/Spatial Link Mechanisms

Next let’s consider forward dynamics analysis to calculate
motion of link mechanisms after specifying driving
forces/torques.

Let’s consider equation of motion as

[A]F=b



An example for planar 6-bar link mechanism:

1 0 1 o . 0 0([F,,
oo Motion of mechanism to be 0 o||r,
YG,O_YO XO_XG,O YGYO—Y] X g 4 0 1 FLX
o0 calculated in forward dynamics 0 oll7.
0 0 0 -1 0 1 0 0 0 1 0 0 0 0 0f[F,,
0 0 Yl_YG,l XG,I_XI YG,I_YZ XZ_YG,l 0 0 Yo, -Y, X4_XG,1 0 0 0 0 0fE,
00 0 0 101 A 0 0 0 0 00 B’
0 0 0 0 0 -1 0 1 0 0 0 0 0 0.4,
0 0 0 0 Y2_YG,2 XG,Z_XZ YG,Z_Y3 3_XG,2 0 0 0 0 0 0)|Fy,
0 0 0 0 0 0 0 0 -1 0 1 0 0 0 0f|F,y
0 0 0 0 0 0 0 0 0 -1 0 1 0 0 0f[Fy
0 0 0 0 0 0 0 0 Y, -Yo, Xoi-X, Yo,-Y X,-Xg, 0 0 O£,
0 0 0 0 0 0 0 0 0 0 -1 0 siny 0 0||Fy
0 0 0 0 0 0 0 0 0 0 0 -1 —cosy 00
0 0 0 0 0 0 0 0 0 0 Yi-Y;, Xou—X5 (Xgy—Xgcosy+(Y;,—Y)siny 1 ORL &
mOXG,O
mO(YG,0+g)
Io&c,o
MIXG,I
mlG, +g)
b.z_ Input parameters for forward
= m,(¥;, +8)
IZ&G,Z ® l ®
it dynamics analysis
mS(YG,3+g)
I3¢.G,3
m4)'fG,4+FEcosy/
my (Y, +g)+ Fysiny
I4¢’G,4+FE[(X6 _XG,4)5in‘//+(YG,4 =Y;)cosy]




An example for planar 6-bar link mechanism:

1 0 I 0 0 0 0 0 0 0 0 0 0 0 q|(F,
0 l 0 1 0 0 Fyy
YG,O_YO XO_XG»O Yoo 1 XI_XG,O J ® d 0 0 E,X
o oint forces and moments . o dlls
0 0 0 ] o o 0 0 q||F
v should be eliminated! i I
) YG,I XG,l X, 2y
0 0 0 0 1 0 0 0 0 ~4| |,
0 0 0 0 0 -1 0 0 0 0 0 ( F
0 0 0 0 Y,-Y,, XGZXYGZYX 0 0 0 0 0 0|7
0 0 0 0 0 0 0 o 0 1 0 0 0 d||F,
0 0 0 0 0 0 0 0 0 -1 0 1 0 0 (|F,
0 0 0 0 0 0 0 0 Y=Yoy Xos=4, YG,3 Yo X=Xes 0 0 qf|
0 0 0 0 0 0 0 0 0 0 -1 0 siny 0 (| Fer
0 0 0 0 0 0 0 0 0 0 0 -1 —cosy 0 G| 7%
|[ 0 0 0 0 0 0 0 0 0 0 Y-Y,, Xgo—X, (Xg,=Xcosy+(Y,~Y)sing 1 (|7
mOXGO . .
it Motion of mechanism should
mX, ° °
mif 0 be rewritten as function of
8l °
- input crank angle
TG g)
IZ&G,Z
m3XG,3
m}(YG,3+g)
13¢.G,3
m, X, +F, cosy
mA(YGA"'g)"'FESim//
'4¢.G,4+FE[(X6_XG,4)Sinl//+(YG,4_Y6)COSI//]




An example for planar 6-bar link mechanism:

! 0 I 0 0 0 0 0 0 0 0 0 0 0 0(F,,
0 1 0 1 0 0 0 0 0 0 0 0 0 0 0||F,
L=ty Xo=Xoy Y, =¥ X=X, 0 0 0 0 0 0 0 0 0 0 1||F,
0 0 -1 0 1 0 0 0 1 0 0 0 0 0 0||F,
0 0 0 -l 0 I 0 0 0 1 0 0 0 0 0|F,
0 0 YI_YG,I XG,l_Xl YG,]_YZ XZ_YG,I 0 0 YG,I_Y4 X4_XG,1 0 0 0 00 Fz,y
0 0 0 0 -1 0 I 0 0 0 0 0 0 0f|F;
0 0 0 0 0 -1 0 [ A:[ 0 0 0 0 00 F
0 0 0 0 Y=Y, Xe,-X, V-1 =X 0 0 0 0 0 0|y
0 0 0 0 0 0 0 0 -1 0 1 0 0 0 0f[F,
0 0 0 0 0 0 0 0 0 -1 0 1 0 0 0f|Fy
0 0 0 0 0 0 0 0 Y-Y, Xoo-X, V,-Y, Xo-X,, 0 0 0f|F,
0 0 0 0 1 ) ) ) in} 0 0f|Fy
0 ° ° ° b1/ 0 0| %
W Differential equation on crank angle: (HRwame

£(6,6,0)=0 can be derived.

1
2
m,(¥G,+8)

Ned However this procedure is
e (YG.,.B +g) N

et cuy very complicated!

m4(YG,4 +g)+Fysiny

14&0,4 +Fp[(Xs = Xg4)siny + (Y5, —Y)cosy]



For general planar closed-loop link mechanisms

[Equations of Motion ]

Equations of motion for each link:

mG =F +F +F +mg
Lo, =(J,-G)xF, +(J,-G)xF
+(Jl _Gi)XFl t7,

G, : Position vector of COG
@, : Posture angle
J,,J ,J, : Position vector of joint
F,F ,F,: Joint forces

T Driving torque

1 For all moving links

A link 1n planar motion

Joint forces

riving Torques
=4q(G,9,J)

Parameters determined by displacements
and accelerations

One can carry out inverse dynamics

by solving a system of linear [P(G,J)]
equations with respect to joint forces
and driving torques.



For general planar closed-loop link mechanisms
[Equations of Motion ]

Forward dynamics:
F .
[P(G, J)]{ . } =q(G,0.,J)

Substituting motions

of mechanism
G=[;(0), G=g.0,0,0)
¢=g,00,0,0)
J=f,(0)

@ : Crank inputs

Eliminating joint forces F

by adding and subtracting Eqs.

By modifying the system of Eqs. as
0=7100,0,1)

then it can be solved with numerical fo (0, 9, é, 1-) = ()

lcl?é:llll(l::it.mn S LIge L “A system of Nonlinear differential

equations with respect to crank inputs”



[ Numerical solution to calculate both of motion and joint]

forces from the equation of motion
Consequently we have to use numerical method!

F
[P(G, J)] =4(G.$,J)

The acceleration of COG and angular acceleration of each link should
be represented as linear combination of angular acceleration of crank.

[ (0)]0 +s(0, 0 Coefficients of accelerations
¢ [1u(0)] H +v(0, 0) should be systematically derived.

[T (9)] =w(0,0,7)

“A system of linear equations with respect to angular acceleration
of crank and joint forces.”

Calculate 0, I by a numerical method such as Gauss’s method
0 f(Hk ” gk > tk)

Solve 6 by a numerical method such as Runge-Kutta method

0,

+1



[ Numerical solution to calculate both of motion and joint]

forces from the equation of motion
Consequently we have to use numerical method!

F
[P(G, J)] =q(G,$,J)

The acceleration of COG and angular acceleration of each link should
be represented as linear combination of angular acceleration of crank.

[ (0)]0 +5(0, 0 Coefficients of accelerations
¢ [u(0)] 0 +v(0, 0) should be systematically derived.

[T (6’)] =w(0,0,7)

of crank and joint forces.”

Calculate €. F by a numerical method such as Gauss’s method

l “A system of linear equations with respect to angular acceleration

= /] @1t is not necessary to derive equations by eliminating joint forces.
@ Both of crank motion and joint forces can be calculated.
A The acceleration can be obtained from the values in the last step.

0,

(There is no problem since time step is sufficiently short.)



Equations to Derive Accelerations |

[Crank input ]

Acceleration of joint J; and angular acceleration
of the previous link are given as the linear

combination of angular accelerations of other
L,(X,,Y) s

>~

\J

\\¢‘ 1,0X,Y)

O 7 > X
A crank

cranks as .
X, = ZAI,ka + B,
k

i lezcl,kék"'l)l
k

G=> E0,+F
k

Ty X 1 A new crank input: ‘9]'

X, =Lcos(0, +p)+ X,
Y, =Lsin(0, +p)+Y,
1 By differentiating

X, =—L[(0, +§)sin(0, + )+ (0, + ¢)* cos(0, + p) + X
Y, = L[(6, + @) cos(8, + @) — (6, + ¢)* sin(6, + @)+ Y,



Equations to Derive Accelerations |

[Crank input ] Acceleration of joint J; and angular acceleration

of the previous link are given as the linear

>

\¢“Jd

\ 1

Q) /
A (

They can be written as linear combination of the angular
acceleration of crank as

Xz = ZAZ,kék +B,, Yz = Zcz,kék +D,
k k

where 4, = — LE, sin(0, .+ p)+ A4, (k#7J)
’ —L(E,+Dsin(0, +p)+ 4, (k=)
B, =—L[Fsin(0, + @)+ (0, + )’ cos(8, + p)] + B,
c LE, cos(0, +p)+C,, (k#7J)
OO L(E +)cos(8, +9)+C, (k=)
D, =L[F cos(0, +p)— (0, + )’ sin(0, + ¢)]+ D,
Dynamics calculation program: FD CRANK INPUT

X, =—L[F +o)sml, +o)+{0, +@) cos(¥, + o)+ X,

Y, = L[(6, + @) cos(8, + @) — (6, + ¢)* sin(6, + @)+ Y,



[Two adjacent links with three revolute joints ]

JB( XB’ I/B )

Accelerations of joints, J;, J,, at both ends
are given as the linear combination of angular
accelerations of cranks as

X, = ZAlké? +B, Y, ch,ﬁ +D,

L,(0X, Y,) X, = ZAMH +B, Y, = Zcz,ﬂ +D,

Y
A
1 D1sp1acement analy31s of the chain
X, =L cos(ax )+ X,
(x Y")"" ". """" . X  Y,=Lsin(axp)+Y,
, L] 8
I L, ""Q LAY S iy
I a=tan —, [ =cos ,
> o B AX 2L L

R-R-R two adjacent links

L = \/ AX? +AY?, Cosine theorem
AX=X,-X,AY=Y,-Y,

1 By differentiating

X, =-L[(G£p)sin(axB)+(a+ f)cos(at )]+ X
Vy=L[(@p)cos(at f)-(a+ B)sin(a f)]+},



| Two adjacent links with three revolute joints |

They can be written as linear combination of angular acceleration s

>~

of crank as

XB :ZAB,kék +B,, YB = ZCB,kék +D,
k k

where
AB,k =—L (P, £R,)sin(a + f)+ Al,k

B, =—L(0%S)sin(a* f)—L, (¢ + ) cos(a+ )+ B,

Cyi=L(B, £R)cos(axp)+C,, Dynamics calculation program:
D, =L(0%S)cos(atB)—L(a+p)sin(a+p)+D FD_RRR_LINKS

Hk - [AX(Az,k - Al,k) + AY(CZ,k - Cl,k)]/L

K ={L[AX(B, - B,)+AY(D,—D,)] + L(AX?> + AY?) = L(AXAX + AYAY)}/ L’

P, =cos’ a[AX(C,, —C, )+ AY(4,, — 4,,)]/ AX? |

O =cos’ a[AX(D, —D,)+AY(B, — B))]/ AX* —2cos a(AYAX — AYAX)(AXc sin o + AX cos @)
R, =(L-L-L)H, /(2L sin B)

1lar

S=(L'—L2—I)K /(2L I*sin B) + L[(I* = L’ + %)L cos f+ 2(L> — L) Lsin 8]/(2L, L’ sin* j3)

X, =-L[(G£p)sin(ax B)+(a+ p)cos(at )]+ X,
Y, = L[+ f)cos(a £ B)—(ci % B)sin(a + f)]+7



[Point on a coupler and posture of coupler ]

The accelerations of two joints, J,, J,, are
given as the linear combination of angular
accelerations of cranks as

X1 = ZAl,kék + B, Yl = ch,kék + D,
k k

Xz - ZAz,ka +B,, Yz = Zcz,kgk +D,
k k

Displacement analysis
(Coordinate transform)

X, =E&cosp, —nsing, + X,

A coupler Y.=&sing, +ncosp, +7,
=tan "' ArY
i AX

AX=X,-X,, AY=Y,-Y
1 By differentiating

Xc — —5((% Sil’l ¢i + ¢i2 COS ¢i) —77(¢i COS (01' T ¢i2 Sin gDZ.) + X1
Y. = &(p, cosp, — @] sing,) —n(p, sing, + ¢ cosp,) +7,



[Point on a coupler and posture of coupler ]

The accelerations of two joints, J,, J,, are

They can be written as the linear combination of angular
acceleration of cranks as

XC=ZAC’,€(.9.,{+BC, Yczzcc,kék+DCa (bi:ZEi,kék"‘Fi
k k k

Ac,k - _(§ sin @; +1]COS ¢i)Ei,k + Al,k

B, =—(&sing, +ncose,)F — g(pf COS @, + n(pf sin ¢, + B,
Cer=(scosg,—nsme)E,  +C,

D, =(&cosp, —nsing, ) F — §gbl.2 sin @, — ngi)iz cos@, + D,
E , =[AX(C,, —C,,)-AY(4,, — 4, )]/

F =[AX(D,—D,)—AY (B, —B)]/ L’

1

Dynamics calculation module: FD COUPLER_POINT

f angular

Xc — —5((% Sin (0,- + ¢i2 COS ¢i) T 77((01 COS (01' T ¢i2 SiIl (Di) + X1
Y. = &(p, cosp, — @] sing,) —n(p, sing, + ¢ cosp,) +7,

¢i — cesenes



[ Examples of Forward Dynamics of Planar Closed-loop ]
Mechanisms

Example 1 : Starting process of a 4-bar mechanism

R-R-R adjacent links

FD RRR _LINKS

S)_CRANK_INPUT
| Crank input

0/ 77

Fixed joints

Starting to uniform
speed



[ Examples of Forward Dynamics of Planar Closed-loop ]
Mechanisms

Example 1 : Starting process of a 4-bar mechanism

FD_COUPLER MNFE
o -2 A ]

m B | 1 LS

[—m A, 1 0 1 0 0 0 0 0 1 6]

-mCy, 0 1 0 1 0 0 0 0 F, m(Dg, +g)

_IIEG,I YG,I_YI XI_XG,l YG,I_YZ X2_XG,1 0 0 0 0 Fl,y IIFG,I_T

—myA;, 0 0 -1 0 1 0 0 0 By m,Bg, —Fy

-mCq, 0 0 0 -1 0 1 0 0 Fyy |=| my(Dg,+8)~Fyy
_]ZEG,Z 0 0 YZ_YG,Z XG,Z_XZ YG,Z_Y3 X3_XG,2 0 0 F3,X I2FG,2_(J5_G2)XFE
—mAd,, O 0 0 0 -1 0 1 0 F, m,B,

-myCy 0 0 0 0 0 -1 0 1 F, m;(Dg ;5 +g)
__I3EG,3 0 0 0 0 Ys_YG,3 XG,S_X3 YG,3_Y4 X4_XG,3__F4,y_ [3FG,3_TE J I‘

The obtained equations of motion

<~

Starting to uniform
speed

07

Fixed joints




Kinemactical dimensions

L, m 4.0
L; m 8.0
L, m 8.0
(X,,¥Y)) m (10.0,0.0)
(i) B (0.0,0.0)
(&,n) m (5.0.5.0)

Mass and moment of inertia of each link
m, kg 247.0
m, kg 1235.0
m, kg 494.0
(&5.1575,) mm (2.0,00) | 1,);
(52:Mz,) mm (4.0,3.0) | J3,);
(53-755) mm (4.0,0.0) | Ju,J5
I, kgm? 329.0
I, kgm? 7905.0
I, kgm® 2635.0
(Fy i Fyy) N (100.0,0.0)
7, Nm 25.0

i kNm

s

g Sy

| F. | KN

200

100

-100

-200

2000

1000

— ) h’l\ ﬂ\
I AN AN

15
t s .
Results of sitmulation



Driving torque is given by

carrying out the inverse dynamics z 10
calculation. 5 0 Noa /\\u /\U 7 \u /\U
VY
Angular velocity of crank was given o J
as a cycloid function. 2000
]
/

(X,,Y,) m (0.0,0.0)
(&,7) m (5.0.5.0)

Mass and moment of inertia of each link’
m, kg 247.0 E 20

m, ke 1235.0 ‘@

The starting process can be simulated

with an adequate accuracy.

(E43:7s5) mm (4.0,0.0) | 1,15 B hat
I, kgm2 329.0 -10
7905.0

The joint forces can also be

calculated.

t s .
Results of sitmulation



Example 2: Positioning process of 5-bar mechanism with 2DOF

FD_COUPLER_P(ENT

Point of a coupler(COG) R

Fixed joints

F E R-R-R adjacent links

FD_RRR_LINKS

Equations of driving system
with position feedback




Example 2: Positioning process of 5-bar mechanism with 2DOF

[—m Ay, -mAg,, 1 0 1 0 0 0 0 0 0 0 6, m B,
-mCq,, -mCq,, 0 1 0 1 0 0 0 0 0 0 4, m,(Dg, +8)
_IIEG,I,I _IIEG,I,Z Yl _YG,I XG,I _Xl Yz _YG,I XG,I _Xz 0 0 0 0 0 0 F1,X IIF; -0
—my A, —myA;,, 0 0 -1 0 1 0 0 0 0 0 F, m,B;,—F,
-myCoyy —myCos, 0 0 0 -1 0 1 0 0 0 0 F| | m(Dg,+8g)-Fyy
_IZEG,Z,I _IZEG,Z,Z 0 0 YG,Z_XZ XZ_XG,Z Y3_YG,2 Xc,z_Xs 0 0 0 0 Fz,y _ ]ze_(Jg_Gz)XFE
—myAgsy, —myAgs, 0 0 0 0 -1 0 1 0 0 0 F, m;By; ,
~myCyy, —mCs, 0 0 0 0 0 -1 0 1 0 0 F, my(Dg; + &)
_ISEG,S,I _I3EG,3,2 0 0 0 0 YG,3 _Xs X3 _XG,S Kx _YG,s XG,3 _X4 0 0 F4,X 13F3
—m A, -mdg,, 0 0 0 0 0 0 -1 0 1 0 F,, mBg,
-m,Cqyy —mCoy, 0 0 0 0 0 0 0 -1 0 1 Fy m,(Dg, +g)

__14EG,4,1 _I4EG,4,2 0 0 0 0 0 0 YG,4_X4 X4_XG,4 YS_YGA XG,4_X5__F5,y_ IF, -7,

The given driving torque
(Equations of motion of DC motors and feedback control system):
. nnK.[Kp(0,;,—0)—-K;n0]
I Ra

The obtained equations of motion

T o<r J \Up v e




Kinematical dimensions

L, m 0.4
L, m 0.6
(X,,¥,) m (0.05,0.0)
(X,,Y.) m (-0.05,0.0)

Mass, COG and moment of inertia of each link
m, kg 0.2 (&51.16,) mm [ (©0.200) |5
m, kg 0.3 (&52.M5,) mm | (0.3,00) |,
m, kg 0.3 ($53:M3) mm | (0.3,00) | JuJs
m, kg 0.2 (&5.4-M54) mm | (0.2,00) | Js.Jy
I, kgm? | 533<10° | (7 FL ) N (0.0.-50.0)

I, kg | 18.0%10°
7, kgm? | 18.0x103
I, kgn? | 5.33%10°
Driving system
n 10.0
n 0.8
K, 100.0
K, NmwA | 022
K, Vs/rad 022
R, 3.0

180

™ — 61 |
oy Lo N --- 8
90 o ————————
45 m“-—_—-—'—_.
0 Angular displacement of cranks
1000 :
3 N — 61 ||
= 500 A G
o 0 { e e
~ 500 N
- Sof Angular velocity of ¢ranks
",\m gg » Alngular acceleration gf cranks
£ T
‘g s]-g \\; \f‘" —-‘:"":.- —m
‘_}( _-I- U r__.---“'lﬂl. M‘_ﬂ e -
. ARY, 1
'® 2.0 . == 8 H
-3.0
50 \
E._ \,P\ T
w 0 N = e e —
/ Tt ||
e - Driving torque T
i 150 ___Joint|forces — F---F
=100 ';.\. —-—F F4 L
L e gege | [T Fs |
50 i ——
0 ’:ﬂ“ﬂ-‘-ﬁ;ﬁ"
0.00 0.25 0.50 0.7 1.00

t:; .
Results of simulation



™ — 61 |
. 135 w\\ -—= g,
90 e B
Kinematical dimensions 4 e
Angular displacement of cranks
Positioning process can be simulated ~ — 8.1 a
o - =TT o2
with an adequate accuracy. / \C}:::—:-
o
Mass, COG and moment of inertia of each link 0 S Angular velocity of tranks
m, kg 0.2 (&5.5M,) mm | (0.2,00) |[I.) i} _3]0[[]][}
m, ke 03 | (Ey0llny) mm | 03.00) |l 2 57 - ;-,1 Angular acceleration df cranks
m; kg 0.3 (5(;,3:77(},3) mm | (0.3,0.0) Ja.J3 "E []]:g \\fr "'I- f—"'-:.#d__ e
m, kg 0.2 (&6.4-M6.4) mm | (02,0.0) |JsJy * 1.0 ,—"""\ J.Nx - 81
I kgme [ 533003 [ (g k) N | 0.0.-500) @ -2.0 J === 02
I, kgm® | 18.0x10° _5360
I, kgm® | 18.0x10° P o
I, kgm® | 533x10° i \,f‘\ s
w 0 N = e —
Driving system L =
n ™~ 5 7 Driving torque | 12
4 is = 150 \ Joint[forces — F--- Ff L
K 100.0 - ks —-—F Fa |
P L — ]
II #‘%‘“waﬁm‘-
Joint forces can also be calculated. L
[ pem e
0.25 0.50 0.7 1.00

ts .
Results of simulation



Equations to Derive Accelerations for Spatial Mechanisms

[C rank input ] Translational and angular accelerations of a revolute joint

R and previous link are given as the linear combination
of acceleratlons of other driving link inputs as

Dy =[C, 10 +d,
d)R =[Cz ]0 +d g, [RR] =[Cre ]9 +[dRR]

1 A new crank input: Hk

=[C, ]49+d
a')B [C.10+d ., [R,]1=[Cus10+[d,;]

dRB]: dRR][9]+2 ] [ ]

—sind, —cosf, O —9 *cosf, O°sinf 0
A crank [C,]=| cosO, —sinb, ~0,°sin@ -6, cosf 0
0 0 0




Equations to Derive Accelerations for Spatial Mechanisms l

[C rank input ] Translational and angular accelerations of a revolute joint
R and previous link are given as the linear combination
of acceleratlons of other driving link inputs as

Dy =[C, 10 +d,
d)R =[Cz ]0 +d g, [jéR] =[Cre ]9 +[dRR]

1 A new crank input: Hk

B=[C, ]0+d

@y =[C,p10 +d 5, [Ry]1=[Cry10 +[dps]
where
O 1C1=(CoJIO1+[RIC, DB +(C,

d__ (d 'IFL)'Iﬁ’)Fl.? 'IFL.)'I*FD 1L J _NA

Acceleration coefficients on point B can be recursively obtained.

Bynamics calculation module: FD S CRANK INPUT

X —smdt, —-cost, U =0, cost, 0 smU 0
A crank [C,]1=| cosd, —sin6, O0|[d,]=| -6, sind -6, cosd® 0
0 0 0] 0 0 0




[ Two adjacent links (CSP chain) |

\0

Spherical joint is located ™)
at an intersection between
a cylinder and a straight line

‘ ' ]
C
/ Lc
[Ryp] ‘ /

0 Position and posture of both axes are given.

Y CSP spatial chain



Translational and angular accelerations of axes of
cylindrical and prismatic joints are given as the
linear combination of accelerations of driving link
inputs as

CSP two adjacent links P= [C) ]é +d,



Translational and angular accelerations of axes of
cylindrical and prismatic joints are given as the
linear combination of accelerations of driving link

inputs as

L.=[C,.0+d,., &,.=[C,10+d,..
[Risc]1=[Cric 10 +[d e ]
L,=[C,,10+d,,, @,,=[C,,10+d,,,
[Risp]=[Crip 0 +[d ]

]

C=[C.10+d.,

0 =[Coel0+d,c, [R]=[Cpc10 +[dyc]
S =[C,10+d,,

0 =[C10+d,, [R]=[Cy16 +[dy]

Acceleration coefficients on joints C, S, P can be recursively obtained.

Dyvnamics calculation module: FD CSP LINKS
I y — —




[ Motion of a coupler link ]

Translational and angular accelerations of moving
: system are given as the linear combination of
2 accelerations of other driving link inputs as

M=[C,10+d,,
o, =[C,,10+d,, [R,1=[C,10+[d,,]

M

1 Coordinate transformation

G=[C,10+d,,
0 =[C610 +d s [R51=[Cr10 +[d ]
where
[Col=[Cy 1+ [CryIm,  d;=d,, +[dy, Im,
X ' [Coo1=[Ry6) [Cos ) Ao =[Ri61
A coupler [CRG] [CRM][RMG]9 [dRG]:[dRM][RMG]

Acceleration coefficients on point G can be recursively obtained.

Dynamics calculation module: FD S COUPLER POINT
I y — = —




Example of Forward Dynamics Analysis )

Ex. Starting process of an RCSP spatial 4-bar mechanism

S

G 2%5 1y né
: > C 0
o Angular acceleration of crank
7SN A
Z lj\\ < @: Ts
o \ 4

. o
e N 3
Starting to uniform ‘\ 1

speed p‘ ;‘.:4' o \\3‘@5 ig Mé; moments
220 N\ WP/
X “ 2L R i Y
Driving tofque 7, Fixed//jtl)ints
R NP ¢
FD_S CRANK INPUT f O

RCSP spatial 4-bar mechanism



Example of Forward Dynamics Analysis )

Ex. Starting process of an RCSP spatial 4-bar mechanism

3
m.G C&{ ] AL G

i —mi;, 1 0 0 0 0 0‘
— Mgy 0 0 0 0 o O[F,
—Mg, 7 0 0 1 0 0 0| Fpy
I gy A U 0 Zoy—Zp Y=Y5, 1.0 0l Fy.,
Lo, =1 o, e, . Zr—Zg, 0 Xoi =Xz 01 O Ny
11 \u(ulx+11yua)l) Ilzzu(ul YG,I_YR XR_XG,I 0 0 0 0 NR,Z
. oll
. 0
L oosa ¥ hyclosy =13 2705 0 0 0 00 1IN,

Coefficients of accelerations

Angular acceleration of crank

mSg 1 x
mSe 1y
m(Sg,,+8)
lewilx—l_ll)ngl)+Ilzxvcul Tt T,
= Il;ngn Ilylv(01)+ll)v(ulz+ :
]1Z\an+11}zvml Ilzszlz"'
]1zwi1r+]1)vml) =1 Vor.

Passive joint forces & moments

The obtained equations of motion

Driving U;/que 1 leed/;i(});nts

Np

FD S CRANK INPUT

RCSP spatial 4-bar mechanism

ﬁ 1




Table 1 Mechanical dimensions of an R-C-3-P spatial 4-bar link mecharmsm

a  [m] 0.10 | R [m] (0.01 0 0
b [m] 011 | L, [m] | (=0.2 0.3464 0.11)"
o® 120 | I, [m] (0.1 0.0 0.0)7

s. [m] | (0.6 0.0 0.0)

s, [ml | (0.0 03 0.0)

Table 2 Mass and inertia parameters of an R-C-S-P spatial 4-bar link mechanism

g ° /5

Link Mass | C.O.G [m] Coordinate Inertia tensor [kgm?]
[kg] system
[ 0.0646 [ 0.0293  0.0000 —0.0047
crank | 1.524 | | 0.0000 [Ra 0.0000 0.0319  0.0000
| —0.0820 | —0.0047 0.0000 0.0029
[0.3467] [0.0008 0.0000 0.0000]
coupler | 2.698 | | 0.0000 [Rc] 0.0000 0.1496 0.0000
| 0.0000 | 10.0000  0.0000 0.1492
[0.0000] [0.0340 0.0000 0.0000]
output | 2.147 | | 0.1189 [Rp) 0.0000 0.0015 0.0000
| 0.0000 | 10.0000 0.0000 0.0334

rem

| F1 N

N
/

N
/

100

Fy|

i

P

60 s

||

e —

= =y o

L S

Hiis

. Y
.J“f *\"’

L%
-___\Jm

—— ,.*{'('

=N

[Fr |

~
MI

~

wf

]

L

0.0

2.

0

4.0

6.0

Results of fnulation



Driving torque is given by
carrying out the inverse dynamics
calculation.

Angular velocity of crank was given
as a cycloid function.

(0.1 0.0 0%
s. [m] | (0.6 0.0 0.0)

(0.0 03 0.0)

The starting process can be simulated

with an adequate accuracy.

0.0293
0.0000

crank 1.524 0.0000

0.0000 —0.0047
0.0319  0.0000

g ° /5

coupler | 2.698 | | 0.0000 [Rc] 0.0000 0.1496 0.0000

| —0.0820 | —0.0047 0.0000 0.0029
[0.3467 [0.0008 0.0000 0.0000

| F1 N

Results of Sfnulation

A
I\ h \
\ \
RN
B \
v v
..,-'""FFJ
—
—
W
™~
N\,
N,
,-.;;,ﬂ\‘- ___,_;;,' PN
RN
LS = =
ﬁ\q‘? i\:
4.0 6.0 8.0



Forward dynamics analysis
can approximately be
achieved with the improved

systematic kinematics
analysis method!




4. Concluding remarks

Dynamics analyses of planar/spatial link

mechanisms can be achieved.

(1)The systematic kinematics analysis method is
very useful to calculate translational and angular
acceleration of moving link.

(2)Inverse dynamics analysis of planar/spatial link
mechanism can easily be achieved only by solving
a system of linear equations.

(3)Forward dynamics analysis can approximately
be achieved with the improved systematic
kinematics analysis method.



Derive system of linear equations for inverse
dynamics of a planar parallel mechanism with

2 DOF. £

F, L,

‘l
G3

The result will be summarized in A4 size PDF
with less than 5 pages and sent to Prof. Iwatsuki

via T2SCHOLA by May 8, 2023.
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